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Abstract

We discuss a number of properties of the univariate y-order
generalized normal distribution, acting also as a solution to the heat
equation. More emphasis is given on the Laplace transform of the
introduced distribution. Logarithm Sobolev inequalities are discussed

since they are the source of the introduced N, (g, Z).
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1. Introduction

In his early paper, Bliss [3] presented an integral inequality and the set of
functions which turn inequality to equality. In this light some years later,
while Sobolev was working on the problem of evaluation of the relation
between the lower orders of the derivatives of a given function, with their
upper orders, he came across the Sobolev Inequalities [20]. The impressive

Sobolev inequality is:

1/2

(ot o sc{Ju1srrag 0

or in a compact form

. _2p
with q = -2

| £(X)]q < CIVF |, )

with p being the number of the involved variables (in Analysis the usual
notation is n). Inequality (2) is valid for a differentiable function with

compact support, Vf is the gradient of f and the Sobolev constant C equals

C = (- z))vz[r%%)f/p >0 ©)

Notice that in (1) equality holds if and only if

f(x) = k(02 +| x —r Py 92
with k e R, A >0, r e RP. Notice that the Sobolev inequality can be
defined also on a sphere, see [2].

The exponent g is crucial in (1), as only with such a q it holds, where the

dimension p > 2. Moreover Sobolev proved that there exists a function
embedding the Banach space W™ P(X) of the functions of Lp(X) into

Lp(X) or to the space of continuous function C(X), for particular m, p, q.



Laplace Transformation for the y-order Generalized Normal, ... 3

An important application of Logarithm Sobolev Inequality (LSI) is due
to Markov Chains [8].

Nash’s inequality is related to LSI. Moreover, by Nash’s inequality [17],

it is equivalent to evaluate the function h(t, X, y) such that
suph(t, x, y) < Ct P2, vt >0, 4)

with h(t, x, y) being the fundamental solution of the Cauchy problem. The
function h(t, X, y) is the solution of the “heat equation”, see [11], for

statistical line of thought, while see [22], from analysis point of view. This
equals

! [x=y
h(t, x, y) = (4nt)p/2 exp( p J Q)

The LSI was due to [21]. We recall the Gross logarithm inequality [9],
with respect to the Gaussian weight

2 2 1 2
JRplgl log| g [dm S;IRpIVgl dm, (6)
where
L2(RP, dm) > | g}, = 1, dm = exp{—nx*}dx

The Gross inequality (6) is equivalent, [23], to the Euclidean LSI as in
(7):

2 2 p 2
J ol P losla Pam < Brog 2 [ va Pox] &
with
2
g e Wh2(RP), IRp|g|dx=1.

Relation (7) is very crucial, being in the order with the normal

distribution, as the extremals of (7) with g(x)= f(x, p, 6°), o >0,
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weRP, see [5, 14], are normal distributions. From (7) the y-order

generalized normal distribution emerged [14].

2. Probability Extensions - N, (i, )

Following is the extension of [18] for LSI, as defined in (6) for
l<y<pand f eW:Y(RP) with | f ||p =1 of the form

1(F, 7)< 3(F, 7, A)

with
(v =[0I tog] £ fox
_ P 4%
I(f, v, A = 2 10g[ijRp|Vf | dx}.

The optimal constant A, is

—1y!
AY — %(YTIJ ﬂ;_y/zAY/p, Where A = A( p’ Y) =

where I' denotes the gamma function.
Consider N, (u, X), see [14, 16], with position (mean) vector p, positive

definite scale parameter matrix X € RP*P extra shape parameter

y € R —[0, 1] and density function ¢, (x; p, ) given by

.06 1, ) = C exp{—YT‘1 [Q(X)]—z(vy—l)} ®)

for x € RP, where

Q) = (x— ) =7 (x - ) ©)
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with

(y - 1) "y

C=C(p, 7. %) =55 AP 7) (10)
7_Ep/2| ¥ |1/2

and A = A(p, v) as above. Figure 1 illustrates the pdf of N, (0, Ipcz) when

p = 2. See also [10] for a number of graphs of different values of y. For an

extensive analysis of N, (i, Ipcz), see [15] for p = I; and, for p > 1, see
[16].

1.1-GND 2-GND

2.5-GND 50-GND

Figure 1. Plots of ¢,(x; 0, Ipcz) for different values of y, p =2 and
c=1
The generalized y-order multivariate normal distribution introduced by

[14] has been discussed in detail by [16], while the univariate case was
analyzed in [15]. In [16, Theorem 3.1], it has been proved that for v =0
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(and p=1,2) ¢,(x) coincides with the Dirac distribution and for

vy =1, 2, too coincides with the uniform, normal and Laplace distributions,
respectively. For y = 2, the well-known normal distribution is achieved, see

also Figure 2.

Furthermore, the classical entropy inequality [6], can be extended to

1/2 1y
[Z—fVar(x)y [AY%JY(X)} > 1, (11)
Y

Actually JY(X) represents an extension of Fisher’s entropy type

information measure

J,(X) = JRp|Vlogf | dx

1_
:jRp|Vf ¥ 1 dx (12)
as with y = 2,
B 2
JZ(X)_IRp|Vlogf| dx
= [, (V1)(Vlog T)dx = 3(X) (13)
see [14].

The heat equation [11, Chapter 7] can be generalized through the (I)Y(X)
distribution as follows: Consider a standard Brownian motion {X(t); t > 0}
coming from NY(O, t), i.e., from the y-order generalized normal distribution

with density function

v

. N Yy =1 X Yy-
oy (x; 0, t) = mexp " (ﬁj (14)
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with

" r(5+1) (Y—IJYT, (15)

see [13], for details.

Theorem 1 (Kitsos [13]). There exists a well defined function
K = K(x; t, y) such that

o, . 0
_ Y _ kI
3 K— (16)
with K = K(x; t, y) = DX LY)’ where
2 12y
N() — t_YIXy_l _ L—t_fhx‘{—l ,
11 X" oy
D(‘)—E Ttz T DT (17)
t2(v-1)

For t=1, we find that D(x;1,7y) = %(—1 +x'1) and therefore

K(x; 1, y) is defined for x"! #1 and in principle x # 1. See Figure 3
below, for a graphical representation of K(x; 1, y) for various values of 7,

where a special consideration is needed for the x-values at MATLAB. Notice
that, see [13, Corollary 4.1], for y = 2,

K=K(xt 2)=2 (18)
and therefore (16) is reduced to the classical heat equation [11]:

%0y . 0,
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As far as the corresponding values of K(X; 1, y) are concerned for

y = 2, the y-order generalized normal distribution is reduced to normal and
K =2, while for y{1, K(0;1,1)=0 and for xe(0—¢, 0+¢),
K(x; 1, 1) is constant, see Figure 3.

Recall that for y 4 1 and p=1,u=0,t =1= oy, the defined by (X)

distribution as in (14) approaches the uniform distribution while for y — o

the ¢,(x) distribution approaches the Laplace distribution, [12].
3. Laplace Transform of the N, (, %)

For p =1, the Laplace transform of ¢, (X; p, o) is defined as

£0,8) = | explexioy (x: . o%)ox. 20)
Equation (20) characterizes the r.v. X uniquely in the sense that the p.d.f.
of X can be recovered by taking the inverse Laplace transform in (20). The

following result provides expression for (20).

05

0.45 + ¢ wn

04F

0.35

03Ff

0.25

a_(x:0,1)

02

0S|

01

0.05F

0 ....,..,,.»-_t'.'..".‘-h b 1 L I L I..'f."::_-..-....,,“
-4 -3 -2 -1 0 1 2 3 4

Figure 2. Plots of the univariate ¢Y(X; 0, 1) for different values of y.
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K(x:1,7)

Figure 3. Plots of K(x; 1, y) for different values of y.

Theorem 2. The Laplace transform of ¢, (x; p, 02) with p =1 reads

Eu 0 )
£¢y(‘t-.~) =7Yo r(,YeO +1) JZ_;) (2lj)! (&o(yy)"0 )QJF((zj +1)v0), (21)
where y( = VT_I and vy, = Yi
0

Proof. We rewrite (20) using (8) as

oy =cf” exp{éx - [Q(x)]ﬁ}dx

Y
o8] — —

=CJ explix — L1 u‘v—l dx
—o0 (e}

Y

0

— Y
= Cce‘t’“J' exp{&cz - YTI| z |ﬁ}dz,

—00

where the typical variable transform is given by z = (X — p)/oc. Therefore

the evaluation of the integral
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o 1 -
1(€) = J.O expi&oz — YT 271 ldz

1s needed, since then

Loy (&) = CGE&““_O exp{E_,GZ - yT_1| z |%}dz

© A e
+J‘O exp{écz o |Z|y—l}dZJ

Y
" L,
= Cce‘t’“jo expy —£oz —Yley_l dz

Y
" s
+ Ccseéuj‘ expi&oz — “{Tl 271 ldz
0

so due to the definition of 1(§), the above relation is reduced to

L, (E) = Coe {1 () + 1(-&)]

Now, due to the definition of the constant term, see also (10), we have

-1\ 1
£0,(8) = (yyvg y FEY(EI% e (1() + 1(-)). 22)
T L—+
Y

Writing the exponential in the integral as

e&0Z _ Zoo (éGz)j

ji=0 !

and using Fubini’s theorem, we have
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.
6= Z@“Z) =

where we have also used that

S
" S
I xSle1ox gy = L(i)“ F(ij (23)
0 Y1\70 Y1

for s=j+1 vo=(-1/y. 11 =1y0. Therefore by adding I(&) and
I(=§) and using (22), we get the representation

IN=+1
£4,() = 210 rgf Hj) IZ i Eer)PIT(@i + o)

or by using the value I'(3/2) = v'n/2, we have

Eu = . )
£6,(9) = Yo 77, JZO et )T+ Do),

which is exactly (21). O

Corollary 1. When y = 2, the Laplace transform of the classical normal

distribution N(p, 2) is obtained as
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2 2
£ () = exp{&wg }

Proof. By (21) for y = 2,

ST i
0 £ A
2 JEJ.Z_(:)( 2j)! ( 2 j

_eE—‘H - 1 2 2A0j 1
FXenErivg)
_e N L 2 000 (2))
__njz_(:)T)!@Gz) 41.]_'\/5
e 1 (g%
—ea“Zﬁ(TG]
]1=0
22

=exp{iu+§§}

which is indeed the moment generating function of the normal distribution. [J

Corollary 2. When y — oo, the Laplace transform of the Laplace
distribution with parameters p, o is obtained as

Lo,(8) = e

Proof. Letting y — *oo in (21), £, (&) tends to Ly, (€), where

£ (8) = €% Y 5y (B0 2] + 1)
j=0

Z(— E?)i2j)!
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for all & such that |&| < é, which is the moment generating function of the
Laplace distribution. O

In the following Theorems 3 and 4, we introduce one more
representation of the Laplace transform of Ny(u, 02) adopting the Beta

function and an upper bound in compact form in terms of expectation.

Theorem 3. The Laplace transform of N, (i, o?) is equivalent to

0 2]
— obu 2 1 —Y0 2] | I 1

when vy isinteger (in cases where y = —1/k, k € N).

Proof. We turn once more to (21) in order to get a more suitable
expression. By (21), we have

N o T(@) +1
Lo, (2) = e Z:: (oY y0)21((FJ(+0))W

oS e 10025 D20+ Dv0) (o (21
=2 o™ S A o)

= eg“zﬁ(éwomr(vo)) I[B(10. 00 s v0)I
j=0

where B is the multivariate Beta function with 2j +1 arguments. We may

write

B(YO: Y05 - YO)

-1 ivo— I ovo-1 i~1)70—
j VO =y fyio - y,) D10 gy,
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1. ~ 1. ~
[ YRS Yoy [ YT - vy
2j 1

-T1J Y=y

m=1
2]
=T [ Btro. myo)-
m=1
Therefore, we express the Laplace transform (21) in the form (24). Il

Theorem 4. The Laplace transform of N, (u, o?) in terms of the
exponential moments of the standardized N, (0,1) is bounded in the

following way

Lo, (8) < eiHE(exp{@B, (25)

where Z ~ N, (0, 1) and o’Z ~ N, (0, o).

Proof. Let Z ~ N, (0, 1), that is the r.v. Z has the law of the standard
univariate N, (0, 1), with pdf ¢,(x; 0, 1). Then

S —y02j L(2j + Dyo)
Loy (&) = eﬁ%m(mom N O

[e 0] 1 B i A )
- eéuz_(zj)l (oyy "0 )ZJE(ngYoZZJ)
j=0" "

ei“jg;‘)(z—j)!(gc)sz(ZZJ)

gl 5 2]

j=0
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) =1 (26222 j
_eauE[ZT( 62 J 5

]1=0

where, in the second step, we have used [15, Lemma 2.1], and in the fourth

step, the inequality (2j)!> 2 j1. The last equation implies (25). O

Inequality (25) turns to equality for the limiting cases of y T 0 and

y 1 1. Indeed, we have

Corollary 3. When y T 0, the Laplace transform of the Dirac

distribution D(u) is obtained as follows:

Lo(&) = exp{Ep}.
Proof. Recall (25) and the fact that N,(0,1) becomes the Dirac

distribution D(0) as y T 0, see [16]. Then taking the limit as y T 0 in the
R.H.S. of (25), we have

222
g

w " v [e2622
eguj_wexp{ 62 }S(U)du =e‘§“J._8exp{§62 }S(U)du

= expiép}

for € > 0 which is the Dirac distribution D(u), while also

yli% L, (€) = Log(&) = LD(n) (&) = exp{Ep}. O

Corollary 4. When v {1, the Laplace transform of the uniform

distribution with parameters (1 — o, u + o) is obtained as follows:

€o _ o—Co
o (2) = ge S —.

Proof. Recall (25) and the fact that N, (0,1) becomes the uniform
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distribution in (-1, 1) as y ¥ 1, see [16]. Then taking the limit as y ¥ 1 in
the R.H.S. of (25), we have

o0 2 2.2 1 2. 2.2
e Eou” |1y, 1en gou”
e J.—oo exp{ 3 }2 du = 5© I—l exp{ 3 du

1

to/V2

_ &n x2
% J ez . (26)

Note that

J.exzdx = —i@erf(ix) = %erfi(x),

where erf(-) and erfi(-) are the error function and complex error function
accordingly and i the imaginary unit so
to/V2 2 NP :
eXdx = —i = (erf (iEo/V2) — erf (—igo /2
[ s 7 (erf(igo/¥2) —erf (~igo/2))

= —igziI(erf(igc/ﬁ)) = JnZ(erf (its/+2)), (27)
where Z(-) denotes the imaginary part of a complex number. Note that we
have used erf (Z) = erf(z). Moreover,

i&G/JE

erf (iEo/+2) = %Jo e dx = 2(CD(i§cs) - %) (28)

where @(-) is the c.d.f. of the standard normal. Finally, using

t2k+1

1 1 =, .«
=+ (5] | —
2 mé (2k +1)2%k!
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at t = i€o, (27) and (28) in (26), we obtain

1 k (|§6)2k+1
2&. ° HJ_J_I[ Z( (2k+1)2kk']

0 2k+1
= ZQLGG&HI ZZ ((gclz)+ 1)! (_l)k(i)2k+l
k=0

0 2k+1
= 2@%9&”2; (écl:)-'_ N I((_l)k(i)ZkH)
=0

2&0 e&uz (ic) ?;G) (- l)k(|)2k+1)

=1 gtnglo _gto
- 2§Ge (e € )a (29)

where it has been used that 7 ((—l)k(i)zkH) =1 which is easy to show by

distinguishing odd and even values of k. To conclude notice that the Laplace

transform L¢;(§), of the uniform distribution in (u—o, p+ o), can be

casily obtained as:

) B B p+o @XL
lim £8,(8) = Oy (&) = [ o 5o
(eé(um) e&lu- G))_ (eéc e %),

which is the same as (29). O

Corollary 5. The Laplace transforms of the uniform, normal and
Laplace distributions are functions of the Laplace transform of the Dirac.

The above results are collected in Table 1, with other values y around 2
and 3 to compare “fat-tailed” distributions. The calculations have been
proceeded with MATLAB. These provide evidence that the Laplace
transform can be easily calculated for the univariate y-order generalized

normal distribution, due to Theorem 2 for any given value of y.
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4. Discussion

The Weak Law of large numbers, by Bernoulli in 1713, was the first step
towards the Probability Theory. Later on, in 1733, the normal distribution
appeared as an approximation to the probability for sums of Binomial
distributed quantities, to be in between two given values, by de Moivre, as
the spiritual research in [7]. It was Gauss in 1809 in his “Theoria Motus
Corponum Coelestim” stating the Least Squares, known to him since 1795,
declaring that the model was appropriate when the “errors” were coming
from a normal distribution (in current terminology) [19]. The hypothesis of
errors were established and adapted especially by the astronomers [1].

Table 1. Laplace distribution of Ny(u, 02) for different values of y and
u, ¢

Distribution L, (©)
Dirac () exp{&u}
0 Dirac (0) 1
1 Uniform (1 — o, p + o) szcexp{E_,u} (€50 — ¢759)
1 Uniform (~1, 1) Lt —ef
28
1.9 N1,9(0, 1) 0.5348 + 0.4811£2 + 0.1117&% + 0.0169¢°
2 2
2 Normal (i1, 62) exp{&p + 5 20 }
éZ
2 Normal (0, 1) exp) -
22 N2,2(0, 1) 0.6139 + 0.534082 + 0.1516&% + 0.0297£°
2.4 N2,4(0, 1) 0.6541 + 0.563822 + 0.17782% + 0.0400€°
3 N3(0, 1) 0.7385 + 0.63408% + 0.25208% + 0.07642°
3.5 N3,5(0, 1) 0.7837 + 0.677582 + 0.3073e% + 0.1105&°
oo Laplace (u, o) exp{Ep}/(1 - £%6?)
+oo Laplace (0, 1) 1/(1- £2)
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The Gaussian distribution has been generalized, as in Section 2, due to
the introduced parameter vy, refer [15, 16] also. So in this paper y-order

generalized normal distribution is discussed as an extension of the normal

distribution with mean p and variance o’

, introducing an extra shape
parameter. This distribution has emerged as an external from LSI, [14] and

helps for the use of LSI in Statistics.

The LSI appears, recently, to be applied in a number of applications
related with uncertainty and Statistical Information Theory [12]. We
introduced LSI in a compact form and investigated some essentials, to our
consideration in areas of application. More extensions can be obtained such
as the Blachman-Stam inequality [14], while a number of nice theoretical
results can be obtained [4], among others. Not only the theoretical insight is
covered with the distribution introduced in Section 2, but it offers a model to
approach the fat tailed distributions [16, Table 1 and 2]. As a continuation of
our work, Table 1 above provides evidence that the Laplace transformation
can be evaluated for all the real values of the shape parameter y, but not
within [0, 1].

The Laplace transformation for the Ny(p, 02) distribution was

introduced and related results were obtained. We are referring to Laplace
transformation rather than the moment generating function as the Laplace
transformation. We are planning the same to apply in our future work.
Despite the fact that (21) might be considered complicated, still with
MATLAB nice results can be obtained for the “fat-tailed distribution”, as can
be considered and evaluated easily, with Table 1 providing the appropriate

evidence.
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